We discuss sensitivity to initial conditions in a model for avalanches in granular media displaying self-organized criticality. We show that damage, due to a small perturbation in initial conditions, does not spread. The damage persists in a statistically time-invariant and scale-free form. We argue that the origin of this behavior is the Abelian nature of the model, which generalizes our results to all models with Abelian properties, including the BTW model and the Manna model. An ensemble average of the damage leads to seemingly time dependent damage spreading. Scaling arguments show that this numerical result is due to the time lag before avalanches reach the initial perturbation.
There is evidence that the dynamics of a pile of rice may display selforganized criticality (SOC). (1) In careful experiments where elongated rice grains were slowly dropped between two glass plates, Frette et al. found scale-free behavior in a rice pile. (2) In a slowly driven pile, the angle of repose evolves to a stationary state and the behavior of the system is dominated by a scale-free avalanche size density and punctuated equilibrium. This punctuation causes SOC systems to be highly non-linear, a single grain added at one end can result in an avalanche propagating through the entire system. However, SOC models typically have stick-slip dynamics (3) and it has yet to be established whether they allow the non-linearity to manifest itself in the form of sensitivity to initial conditions, as it does in chaotic systems.
We have studied damage spreading in a simple one-dimensional granular model known as the Oslo model, which exhibits SOC. (4) It describes a number of slowly driven granular systems and belongs to the same universality class as a model for interface depinning in a random medium and the Burridge-Knopoff train model for earthquakes. (5) (6) (7) The Oslo model has largely resisted efforts for an analytic solution, the few exceptions have been the exact enumeration of the number of recurrent configurations, (8) the mapping of the model to the quenched Edwards-Wilkinson equation in the continuous limit, (5, 9) and the transition matrix results (10) and operator algebra recently developed for the Oslo model. (11) In this letter, we add to its analytical description by illustrating its Abelian properties. (12) We find that damage due to a small perturbation does not spread in the Oslo model as the damage is unable to evolve. It is possible to represent the perturbation in terms of commutative operators which leads to a statistically time-invariant and scale-free damage. This phenomenon is in contrast to what is seen in chaotic and equilibrium systems. We also address the results obtained by a previous study on an ensemble average of the damage, which seems to contradict our findings. (13) In fact, we show that these results are consistent with ours and that the observed behavior may be derived using simple scaling arguments.
The model: The Oslo model is defined on a one dimensional discrete lattice with L sites at positions x = 1, 2, . . . , L (see Fig. 1 ). On the lefthand side, the boundary is a vertical wall, and on the right-hand side, the boundary is open. The height of grains at site x and time t is denoted h(x, t), the local slope is defined as z(x, t) = h(x, t) − h(x + 1, t). Each site has a critical slope, z c (x), which takes the values 1 or 2 with equal 
